Having in mind applications to particle physics we develop the differential calculus over Jordan algebras and the theory of connections on Jordan modules. In particular we focus on differential calculus over the exceptional Jordan algebra and provide a complete characterization of the theory of connections for free Jordan modules.
Introduction
It is quite legitimate to expect that the finite spectrum of fundamental particles of matter (fundamental fermions) corresponds to representations of some finite quantum space. Such a virtual space should be described by its observables, i.e. a quantum analogue of some class of real functions over it. This is of course at the core of noncommutative geometry, where C*-algebras correspond to the noncommutative analogues of algebras of continuous complex functions. This formalism, extended also to real C*-algebras and enriched with additional structure, has been in particular applied to the Standard Model ( [6] , [5] , [4] , [3] , [7] , [25] ) as well as to other Higgs gauge models ( [9] , [10] , [8] ). Moreover quaternionic C*-algebras, seen as generalizations of the algebra of continuous quaternionic functions on a classical space, have been studied within this formalism. However already at the early beginning of quantum theory it was pointed out that the appropriate algebraic structures for finite quantum systems are the finite-dimensional formally real Jordan algebras, since this is the right framework in which one has spectral theory and the physical interpretation in terms of observables and states ( [19] , [13] ).
The real vector space of self-adjoint elements of a C* algebra is a formally real Jordan algebra (it is in fact a JB-algebra which implies the formal reality and is equivalent to it in finite dimension, see e.g. [23] or [16] ). In fact Jordan subalgebras of this kind of algebras cover almost all the possible cases, with the only exception of the real Albert factor, which is the 27-dimensional algebra of three by three hermitian matrices with octonionic entries [1] . In a recent work [11] it has been suggested that this exceptional algebra may play a key role in the description of the internal space of fundamental fermions in the Standard Model of particle physics and in particular, that the implicit triality underlining the exceptional algebra may be related to the three generations of fundamental fermions.
The aim of this work is to outset the representation theory of formally real (also called Euclidean) finite-dimensional finite-dimensional Jordan algebras. We investigate Jordan modules over Jordan algebras and elaborate differential calculus and the theory of connections on Jordan modules. From a physical point of view, this corresponds to develop gauge theories for a quantum theory in which one allows for Jordan algebras as algebras of observables. It is needless to say that the groups of automorphisms of the Jordan algebras play a fundamental role in this theory (for instance acting as gauge group). We also provide certain more general constructions in the setting of Jordan algebras, and also in a broader setting of noncommutative and nonassociative algebras.
Jordan algebras and finite quantum spaces
Here and in the following a Jordan algebra is meant to be unital and finitedimensional if not differently specified. We will provide some definitions for the category of all algebras, thus the term algebra without further specification will generally denote a noncommutative and nonassociative algebra. Also every vector space is meant as vector space over the field of real numbers if not differently specified. We use the Einstein summation for repeated up-down indices. Definition 2.1. A Jordan algebra is a vector space J together with a bilinear product • : J × J → J such that
and
for any x, y ∈ J.
Condition (2) is called Jordan identity and it is equivalent to
where L x denotes the (left) multiplication by x ∈ J. We provide two examples of Jordan algebras.
Example 2.2. Let (A, ) be an associative algebra, we define the Jordan algebra A + = (A, •) to be the vector space A equipped with the product given by
for all x, y ∈ A. One verifies by direct check of properties (1) and (2) that A + is a Jordan algebra. Any Jordan algebra which is isomorphic to a Jordan subalgebra of a Jordan algebra of this kind is called a special Jordan algebra.
In particular if the associative algebra A is endowed with an involution
then the subspace A sa = {a ∈ A | a * = a} of self-adjoint elements in A is not a subalgebra of (A, ) but it is a Jordan subalgebra of the special Jordan algebra A + and it is therefore special ⋄ Example 2.3. The exceptional Jordan algebra (J 8 3 , •) is defined as follows: its elements are 3 × 3 hermitian matrices with octonionic entries
and the product • is given by the anticommmutator
for any x, y ∈ J 8 3 . It is a classical result ( [1] ) that J 8 3 is a Jordan algebra which is not a special one. ⋄ In the following we shall write xy for the product of two elements in Jordan algebras (and in other kind of algebras) when no confusion arises. Definition 2.4. An Euclidean (or formally real) Jordan algebra is a real Jordan algebra J satisfying the formal reality condition
Any Euclidean finite-dimensional Jordan algebra J has a unit, moreover if x ∈ J there is a spectral resolution of x with real eigenvalues (see [11] for more details). The above examples are quite exhaustive in view of the following classical theorem ( [19] ).
Theorem 2.5. Any finite-dimensional Euclidean Jordan algebra is a finite direct sum of simple Euclidean finite-dimensional Jordan algebras. Any finite-dimensional simple Euclidean Jordan algebra is isomorphic to one of the following:
for n ∈ N.
In the above statement J 8 3 is the only non special Jordan algebra, while J 1 n , J 2 n , J 4 n denote n × n hermitian matrices with real, complex and quaternionic entries respectively, with product given by the anticommutator. JSpin n = R ⊕ R n are the spin factors equipped with the product
where ·, · denotes the Euclidean scalar product on R n . The spin factor JSpin 1 is absent from this list since it is isomorphic to the commutative and associative algebra R 2 which is not simple. The following isomorphisms hold:
n is not a Jordan algebra for n ≥ 4. This list gives all finitedimensional Jordan algebras corresponding to finite quantum spaces.
Center and derivations
Definition 3.1. Let A be an algebra, define the associator by
for any x, y, z ∈ A. The center of A, denoted by Z(A), is the associative and commutative subalgebra of elements z ∈ A satisfying
for any x, y ∈ A.
One has the following result. for all x, y ∈ A.
Proof. The condition [x, z] = 0 is trivial for any x, z ∈ A since we have taken A commutative. If the condition [x, y, z] = 0 holds, then for every x, y ∈ A one has:
for any x, y ∈ A, in view of the commutativity.
In particular, the proposition above is valid for all Jordan algebras. Definition 3.3. A derivation of an algebra A is a linear endomorphism X of A, such that one has
for all x, y ∈ A.
Proposition 3.4. The vector space Der(A) of derivations of an algebra A has the following properties:
1. Der(A) is a Lie algebra with respect to the commutator of endomorphisms.
2. Der(A) is a module over the center Z(A).
3. The center of A is stable with respect to derivations, that is X(z) ∈ Z(A) for all X ∈ Der(A) and for any z ∈ Z(A).
4.
The following formula holds:
for all X 1 , X 2 ∈ A and z ∈ Z(A).
Proof. (1), (2) and (4) are trivial, we have only to prove stability of the center. Let z ∈ Z(A) and X ∈ Der(A), we have:
for any x, y ∈ A. Similarly one proves that [x,
Thus the pair (Z(A), Der(A)) form a Lie-Rinehart algebra ( [24] , [15] ). For Jordan algebras, the list of derivations for the finite-dimensional nonexceptional simple Euclidean Jordan algebras covers the list of the non exceptional simple Lie algebra, i.e. the Lie algebras denoted by a n , b n , c n and d n in the Cartan classification, while for the exceptional Jordan algebra J 8 3 the algebra of derivations is given by the exceptional Lie algebra f 4 as shown in the following example. Example 3.5. As just mentioned, the Lie algebra of derivations of the exceptional Jordan algebra J 3 8 is the exceptional Lie algebra f 4 (see e.g. [28] ). Introduce the standard basis of the exceptional Jordan algebra
where ǫ j j ∈ {0, ..., 7} are a basis of the octonions, so ǫ 0 = 1, ǫ 2 j = −1 for j = 0 and the multiplication table of octonions holds (see e.g. on [2] ). As vector space, f 4 admits a decomposition
given as follows. D 4 is the subspace of derivations which annihilates the diagonal of any element in J 8 3 , that is
for any δ ∈ D 4 . An interesting and concrete characterization of D 4 is given by the following theorem (see e.g. chapter 2 of [28] ).
The isomorphism is given via the equality:
for any x, y ∈ O. Elements of the vector space M − are 3 × 3 antihermitian octonion matrices with every element on the diagonal equal to zero. Every M ∈ M − defines a linear endomorphismM :
where in the expression above juxtaposition is understood as the usual raw by column matrix product. ⋄
The following classical result about derivations of Jordan algebras, due to Jacobson ([17] ) and Harris [14] , is the equivalent of Witehead's first lemma for Lie algebras.
Theorem 3.7. Let J be a finite-dimensional semi-simple Jordan algebra, let X ∈ Der(J). There exists a finite number of couples of elements x i , y i ∈ J such that one has
for any z ∈ J.
Jordan modules
The familiar definition of bimodules over associative algebras is not suitable for nonassociative algebras such as Jordan algebras. Indeed, due to nonassociativity, such a definition would imply that a Jordan algebra is not a module over itself if one takes the multiplication as action of the algebra. A more correct definition is the following ( [12] , [18] , see also [10] , [21] ):
Definition 4.1. Let J be a Jordan algebra, a Jordan bimodule over J is a vector space M together with two bilinear maps
is a Jordan algebra by itself.
This definition is equivalent to require the following properties of the action of the Jordan algebra J on its module M :
far any x, y ∈ J and m ∈ M.
Notice that from the first of relations above one has not to specify if using left or right multiplication so we shall call Jordan module any bimodule over a Jordan algebra. The second relation can also be written as
while the third is written as
which is equivalent to the conditions
for every x, y, z ∈ J, where here L x denote the multiplication by x ∈ J in M.
Example 4.2. It follows from definition (4.1) that any Jordan algebra J is a module over itself. More generally, let J be a finite-dimensional Jordan algebra, a free J-module M is of the form
where E is a finite-dimensional vector space and the action of J on M is given by multiplication on the first component of M. It turns out that, when J is the exceptional Jordan algebra, any finite module over J is a free module [18] . ⋄ Example 4.3. Let A be an associative algebra, let J ⊆ A + be a special Jordan algebra as in example (2.2). Any element x ∈ J is also an element of A and A is endowed with J-module structure by setting
for any x ∈ J and a ∈ A. In the two following examples the same construction is explicitely given for the antihermitian real, complex and quaternionic matrices as module over hermitian matrices and for the Clifford algebras Cl(R n ) as modules over the spin factors JSpin n .
Example 4.4. Denote by A i n (i = 1, 2, 4) the vector space of antihermitian matrices with real, complex and quaternionic entries respectively. A i n is a module over the special Jordan algebra J i n with action given by the matrix anticommutator:
for any x ∈ J i n and a ∈ A i n . Moreover, taking J i n as free module over itself we have:
which is the J-module of n × n real, complex or quaternionic matrices with action of J defined as above by (24) . ⋄ Example 4.5. The Clifford algebra
is a module over the Jordan algebra JSpin n = R ⊕ R n with action given by
for any x ∈ R n and [y] ∈ Cl(R n ).
Definition 4.6. Let J be a Jordan algebra, let M and N be two modules over J, then a module homomorphism between M and N is a linear map
for all m ∈ M and x ∈ J.
For homomorphisms between free modules over a fixed Jordan algebra, one has the following results. 
where A : M → N is a linear map.
Proof. For sake of simplicity, start by taking M = N = J, then a module homomorphism is a linear map f : J → J such that:
for any x, y ∈ J. In particular:
for some A ∈ J such that A = ϕ(1). Now, from definition of module homomorphism, we have:
for all x, y ∈ J, hence A ∈ Z(J). Thus A ∈ R, in view of simplicity of J.
More generally let M = J ⊗ E and N = J ⊗ F, denote as e α and f α a basis of E and F respectively. We have
for some A λ α ∈ J. With the same argument as above, we get:
and so every A λ α ∈ Z(J) and it is a real number. Using properties of tensor product we have A
and the statement follows by taking as map A from E into F the linear transformation defined by A(e α ) = A λ α f λ .
If the Jordan algebra J is not simple the above theorem is generalized as follows:
Lemma 4.8. Let J be a finite-dimensional unital Jordan algebra, let M = J ⊗ E and N = J ⊗ F be free modules over J, with E, F finite-dimensional vector space of dimension m and n respectively. Then if f : M → N is homomorphism of J modules, there exist α k ∈ Z(J) and f k ∈ M m×n such that:
for any e ∈ E.
From the above lemma we deduce the following result.
Theorem 4.9. Let J be a finite-dimensional unital Jordan algebra with center Z(J). Denote as F M od J the category of free Jordan modules over J with homomorphisms of Jordan modules and as F M od Z(J) the category of free modules over the associative algebra Z(J) with homomorphisms of modules over associative algebras. Then the following functor is an isomorphism of categories:
where ϕ Z(J) is the restriction of ϕ to Z(J) ⊗ E.
Proof. We begin by checking functoriality of F. Of course the image of the identity of F M od J is the identity of F M od Z(J) . Let ϕ : J ⊗ E → J ⊗ F and φ : J ⊗ F → J ⊗ H be two homomorphisms of free modules over J, then we have:
From theorem (4.7) we know that ϕ(Z(J) ⊗ E) ⊆ Z(J) ⊗ F, and so:
which proves that F is a functor. Define F −1 as:
where ϕ J is defined by regarding the elements of Z(J) as elements of J and setting:
for any x ∈ J and e ∈ E.
Finally let us introduce the following notion that will be useful in the next section. 
Differential calculi
Let us recall the following standard "super version" of Jordan algebras (see e.g. in [20] ).
Definition 5.1. A Jordan superalgebra Ω = Ω 0 ⊕ Ω 1 is a Z 2 -graded vector space with a graded commutative product, meaning:
for all x, y ∈ Ω and such that this product respects the Jordan identity.
For a Jordan superalgebra it holds:
for all x, y, z ∈ Ω. If we introduce the graded commutator of x and y as [x, y] gr = xy + (−1) |x||y| yx (43) the Jordan identity is equivalent to:
for all x, y, z ∈ Ω. In what follows, we will deal with N-graded Jordan superalgebras, that means we are going to consider N-graded algebras Ω = ⊕ N Ω n that are also Jordan superalgebras with respect to the Z 2 -grading induced by the decomposition in even and odd parts, that we shall denote respectively as Ω + and Ω − . for all x, y ∈ Ω.
Such differential graded Jordan algebras are our models for generalizing differential forms, in particular when Ω 0 = J we say that (Ω, d) is a differential calculus over the Jordan algebra J (this terminology is inspired from [26] ). A model of differential calculus over a Jordan algebra is the derivation-based differential calculus which has been introduced in [11] and generalizes differential forms as defined in [22] . Let us denote as Ω 1 Der (J) the J-module of Z(J)-homomorphisms from Der(J) into J. We define a derivation d Der : J → Ω 1 Der (J) by setting:
for any x ∈ J and X ∈ Der(J). We refer to the pair Ω 1 Der (J), d Der as the derivation-based first order differential calculus over J. Let Ω n Der (J) be the J-module of n-Z(J)-linear antisymmetric mapping of Der(J) into J, that is any ω ∈ Ω n Der (J) is a Z(J)-linear mapping ω :
, is an N-graded Jordan superalgebra with respect to wedge product of linear maps. One extends d to a linear endomorphism of Ω Der (J) by setting
.., X s , ...X n for any ω ∈ Ω n (J). This extension of d Der is an antiderivation and d 2 Der = 0. Thus Ω Der (J) endowed with d Der is a differential graded Jordan superalgebra with Ω 0 = J. We refer to (Ω Der (J), d Der ) as the derivation-based differential calculus over J.
In general, the derivation-based differential calculus does not play any privileged role in the theory of differential calculus over a given Jordan algebra. Howewer in the case of exceptional Jordan algebra J 8 3 , the derivation-based differential calculus is characterized up to isomorphism by the following universal property ( [11] ). To prove this theorem we shall need the following result. This result is a consequence of the following lemmas proved in [29] (Lemma 2 and Lemma 3 in [29] ).
Lemma 5.5. Let Γ = Γ + ⊕ Γ − be a unital Jordan superalgebra whose even component Γ + is associative, then either one of the two equalities
holds.
Lemma 5.6. Let Γ be as above and such that [Γ − , Γ + , Γ + ] = 0, then either one of the two equalities
Proof of theorem (5.4). Let ξ = i a i ⊗ b i and η = x ⊗ y be elements in
Γ = Γ + ⊕ Γ − is a Jordan superalgebra and in particular Γ + is a graded subalgebra of Γ and one knows ( [27] ) that the algebra J 8 3 ⊗ Γ + is a Jordan graded algebra if and only if Γ + is associative. We must then assume Γ + associative. In expression (50) let us take
where a i and x i ∈ J 8 3 , e and y e ∈ Γ + , o i and y o ∈ Γ − and finally we set o i = eo i ∈ Γ − . Then one has
for all a i ∈ J 8 3 . We can choose elements a i 's and x in J 8 3 in such a way that this condition is equivalent to
and varying elements in Γ we see that condition above implies
then, combining lemma (5.5) with lemma (5.6), we see that the equality above can hold only if all the summands above are identically zero, hence Γ = Γ + ⊕ Γ − must be an associative superalgebra.
Now the proof of theorem (5.3) is the same as in proposition 4 of [11] , as we shall recall for sake of completeness.
Proof of theorem (5.3). For all n ∈ N, Ω n is a Jordan module over J 8 3 and from general theory of J 8 3 modules we know that every module over J 8 3 is a free module, hence we have
where Γ n is a vector space. Any differential graded Jordan superalgebra over J 8 3 is then written as
for all x ∈ J and for some real constants c k α 's. Define the linear mapφ from
and extend it as homomorphism of superalgebras. We haveφ •d Der = d•φ, and uniqueness ofφ follows from d 2 = 0 and the Leibniz rule.
It is important to remark that this statement holds true only for the exceptional Jordan algebra and it is a direct consequence of the fact that the only irreducible module over J 8 3 is J 8 3 itself.
Connections and curvature for Jordan modules
There are two equivalent definitions of derivation-based connections for modules of Jordan algebras and correspondingly two definitions of curvature.
Definition 6.1. Let J be a Jordan algebra, a derivation-based connection on a module M over J is a linear mapping ∇ from Der(J) into the space of linear endomorphisms of the module End(M ), ∇ : X → ∇ X such that
for any x ∈ J, m ∈ M and z ∈ Z(J).
From the first property it follows that if ∇ and ∇ ′ are two connections on the Jordan module M , then ∇ X − ∇ ′ X is a J-module endomorphism. Definition 6.2. Let ∇ be a derivation-based connection on a Jordan module M. The curvature of ∇ is defined as
for all X, Y ∈ Der(J).
It follows that R X,Y is a J-module endomorphism. A connection will be called flat if its curvature is identically zero that is
for all X, Y ∈ Der(J) and m ∈ M.
Remark 6.3. In view of applications to particle physics, and in particular to Yang-Mills models, we are interested in classifying flat connections for Jordan modules. In fact, according to a standard heuristic argument ( see e.g. [9] , [8] ), any flat connection corresponds to a different ground state of the theory and the specification of the latter leads to different physical situations.
The second definition of derivation-based connections is more suitable to be generalized to connections not based on derivations. Let J be a Jordan algebra, let M be a module over J and denote as Ω n Der (M ) the J-module of all n-Z(J)-linear antisymmetric mapping of Der(J) into M, then Ω Der (M ) = ⊕Ω n Der (M ) is a module over Ω Der (J) in the following way: for ω ∈ Ω n Der (J) and Φ ∈ Ω l Der (M ), the action of ω on Φ is given by
where i denotes a permutation of (1, ..., n + l) and | i | denotes the parity of the permutation i.
Definition 6.4. Let J be a Jordan algebra, let M be a module over J.
for all ω ∈ Ω n Der (J) and Φ ∈ Ω l Der (M ).
From (63) we see that if ∇ and ∇ ′ are two different connections, then their difference is an endomorphism of Ω Der (M ) as module over Ω Der (J). In this case the curvature of a connection is defined as R = ∇ 2 . Definitions (6.1) and (6.4) are equivalent, in fact if ∇ is a connection as in the second definition, one defines a map from Der(J) into End(M ) by setting
and the map X → ∇ X is a connection in the sense of (6.1). On the other hand, if ∇ : X → ∇ X is a connection according to the first definition, one sets
for all Φ ∈ Ω n Der (M ) and X p ∈ Der(J) and ∇ is now a connection according to definition (6.4) . In the following examples the term "connection" will stand for derivationbased connection.
Example 6.5. Let J be a finite-dimensional and unital Jordan algebra, let M = J ⊗ E be a free J-module. On M we have a base connection
for any X ∈ Der(J) and x ⊗ e ∈ M. It is easy to check that ∇ 0 respects properties (58) and (59). Moreover, this connection is gauge invariant whenever the center of J is trivial. ⋄ Proposition 6.6. Let J be a finite-dimensional Jordan algebra, let M = J ⊗ E be a free module over J, where E is a real vector space. Then any connection on M is of the form
where A is a linear map A : Der(J) → Z(J) ⊗ End(E) and
for all X ∈ Der(J) and x ∈ J.
Proof. From the definition of connection, it has to be
and from theorem (4.7), it follows A(X) ∈ Z(J) ⊗ End(E).
For what concerns flat connections, the following result, very similar to its counterpart in the context of Lie algebras, holds. Proposition 6.7. Let M = J ⊗ E be a free module over a simple Jordan algebra J, then flat connections on M are in one to one correspondence with Lie algebra homomorphisms A : Der(J) → End(E). That is, for a basis {X µ } ⊂ Der(J) with structure constants c τ µν one has
where
Proof. By direct computation one can check that if a given connection ∇ = ∇ 0 + A is flat then (70) must hold. On the converse, if A : Der(J) → End(E) is such that (70) holds on a basis {X µ } ⊂ Der(J), then ∇ = ∇ 0 + A is a flat connection on M.
Summarizing all the derivation-based differential calculus for free modules over Jordan algebras is resumed by the following proposition. Proposition 6.8. Let J be a unital Jordan algebra, let M = J ⊗ E be a free module over J then 1. ∇ 0 = d ⊗ I E : J ⊗ E → Ω 1 (J) ⊗ E defines a flat connection on M which is gauge-invariant whenever the center of J is trivial.
for all z ∈ J i n and a ∈ A i n . Moreover this base connection is flat, indeed:
[ 
for all x, y, z ∈ J. Hence the commutator [L x , L y ] defines an inner derivation for J. In fact, formula (73) is a consequence of this in the particular case of special Jordan algebras.
The example above can be generalized to the case of a module M over any finite-dimensional, semisimple Jordan algebra. In fact, in view of theorem (3.7) all the derivations of such algebras are inner. 
for all (z, m) ∈ J ⊕ M.
If we identify M with elements of the form (0, m) in J ⊕ M, we see thatX restricts to a linear endomorphism on M. Then ∇ is a Z(J) linear map from Der(J) into End(M ) and from Leibniz rule applied toX ∈ Der(J ⊕ M ) we have ∇ X (zm) = X(z)m + z∇ X m.
Remark 6.12. Connection (80) can be defined for every Jordan module over a Jordan algebra for which all derivations are inner in the sense of theorem (3.7) and such that the extension of derivations of the algebra to derivations on the split null extension is unique. The set of Jordan algebras for which all derivations are inner contains all finite-dimensional semi-simple Jordan algebra over a field of characteristic zero but it is in fact much wider, for example from theorem 2 of [14] we see that this request holds true for finite-dimensional and separable Jordan algebras on any field of characteristic different from 2.
More generally we can give the following definition for a connection.
Definition 6.13. Let Ω = ⊕ N Ω n be a differential graded Jordan algebra and let Γ = ⊕ N Γ n be a graded Jordan module over Ω, a connection on Γ is a linear endomorphism ∇ : Γ → Γ such that (∇Φ) ∈ Γ l+1 (82)
for all ω ∈ Ω n and Φ ∈ Γ l .
In particular when Ω 0 = J and Γ 0 = M one obtains the definition of Ω-connection over the J-module M.
